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Abstract: The thermodynamics and weak cosmic censorship conjecture in Reissner-
Nordstro¨m anti-de Sitter black holes are investigated by the scattering of the scalar field.
The first law of thermodynamics in the non-extremal Reissner-Nordstro¨m anti-de Sitter
black hole is recovered by the scattering. The increase of the horizon radius indicates that
the singularity is not naked in this black hole. For the near-extremal and extremal black
holes, the validity is tested by the minimum values of the function f at their final states. It
is found that both of the near-extremal and extremal black holes can not be overcharged.
When ω = qφ, the final state of the extremal black hole is still an extremal black hole. When
ω 6= qφ, it becomes a near-extremal black hole with new mass and charge.
1 Introduction
It is widely believed that spacetime singularities arise from gravitational collapse. In the
vicinity of singularities, curvatures of spacetimes tend to diverge, and physical laws break
down. To avoid these phenomena, Penrose proposed the weak cosmic censorship conjec-
ture (WCCC) in 1969 [1]. It is stated in the conjecture that naked singularities cannot be
produced in a real physical process from regular initial conditions and indicates that singu-
larities are hidden behind event horizons without any access to distant observers. Although
this conjecture seems to be reasonable, a concrete proof is lacked and people can only test
its validity.
The Gedanken experiment is an effective method to test the WCCC. In this experiment,
a test particle with energy and large enough charge and angular momentum is thrown into a
black hole to see whether its event horizon is destroyed or not after the particle is absorbed.
If the horizon is destroyed, the singularity is naked; on the contrary, the singularity is
hidden behind the horizon. The destruction of the horizon is judged by the disappearance
of the horizon solution. For a Kerr-Newman black hole, the existence of the event horizon
satisfies the condition M2 ≥ a2 + Q2. When M2 < a2 + Q2, the horizon disappears and
the naked singularity appears. Thus, the WCCC is violated. Wald is a pioneer deviser
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of this experiment [2]. His research showed the test particle could not be captured by the
extremal Kerr-Newman black hole and the naked singularity did not exist. Since this seminal
experiment was proposed, people have studied the validity of the WCCC in the various
spacetimes. Hubeny found that a near-extremal Reissner-Nordstro¨m black hole would be
overcharged by absorbing a test particle with energy and large enough charge [3]. This
result was obtained again in the work of Matsas and Silva, where the tunnelling effects were
taken into account [4]. Similarly, when a particle with energy and large enough angular
momentum was absorbed by a rotating black hole, the black hole could be overspun [5, 6,
7, 8, 9, 10]. However, when the backreaction and self-force effects were taken into account
[11, 12, 13, 14, 15, 16, 17], the particles might be not captured by the black holes and the
singularises could not be naked.
The validity of the WCCC can be studied through the Gedanken experiment by replacing
a test particle with a test field. This method was first developed by Semiz [18]. Initially,
there is no field, only a black hole. The test field comes in from infinity and interacts with
the black hole. The field is required to have a finite energy. Part of the field is absorbed
by the black hole, and the rest is reflected back to infinity. Energy, charge and angular
momentum are transferred between the field and the black hole. Finally, the field decays
away leaving behind a spacetime with the new energy, charge and angular momentum. The
validity is determined by whether the event horizon exists in the new spacetime. Considering
the interaction between a complex scalar field and a charged black hole, Semiz found that
the WCCC was not violated in the dyonic Kerr-Newman black holes. This result was gotten
again in [19]. But it is not consistent with those gotten in the Kerr and BTZ black holes and
in the Dirac field [20, 21, 22]. Based on this experiment, Gwak recently researched on the
validity of the WCCC in the Kerr (anti-)de Sitter black holes by the scattering of a scalar field
[23]. He found that the black holes were not overspun. In his work, the energy and angular
momentum in a certain time interval were calculated by their fluxes, respectively. The time
interval was chosen as infinitesimal, which leads to the infinitesimal transfer of energy and
angular momentum. Therefore, the self-force effect and other interactions could be neglected
in the scattering process. This result supports the WCCC and is in agreement with that
derived byWald and Sorce [24, 25]. Other researches on the validity of the WCCC are referred
to [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48] and
the references therein. Although a lot of work has been done on the validity of the WCCC,
there is still no identical conclusion.
In this paper, we investigate the thermodynamics and WCCC in Reissner-Nordstro¨m
anti-de Sitter (RN-AdS) black holes by the scattering of a complex scalar field. Due to the
existence of the electromagnetic filed, the interaction between the charge and the black hole
is taken into account. The derivation of the transferred charge relies on the charge flux and
a certain time interval. Here the time interval is infinitesimal, and then the self-force effect
is neglected. The energy is gotten by its flux determined by the energy-momentum tensor.
For the non-extremal RN-AdS black hole, the first law of thermodynamics is recovered by
the scattering of the scalar field. The increase of the entropy supports the second law of
thermodynamics. The validity of the WCCC in this black hole is verified by the increase
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of the horizon radius. For the near-extremal and extremal RN-AdS black holes, due to the
divergence of Eq.(3.21), the validity is tested by the minimum value of the function f at the
final state after the scattering. This value is evaluated by adjusting values of ω and q. If the
value is negative, the event horizon exists and the singularity is not naked. Our result shows
that both of the near-extremal and extremal RN-AdS black holes can not be overcharged.
The rest of this paper is organized as follows. In the next section, we solve the ingoing
wave function in the RN-AdS black holes by using the field equation and introducing the
tortoise coordinate. In section 3, the thermodynamics of the non-extremal RN-AdS black
hole is discussed by the scattering of the scalar field. The WCCC is tested by the change
of the horizon radius. In section 4, we investigate the validity of the WCCC in the near-
extremal and extremal RN-AdS black holes by the minimum values of the function f . Section
5 is devoted to our discussion and conclusion. Throughout the paper, we set G = c = ~ = 1.
2 The wave function in the RN-AdS black hole
The purpose of this section is to solve the ingoing wave function in the RN-AdS black hole.
The metric of the RN-AdS black hole is given by
ds2 = −fdt2 + 1
f
dr2 + r2(dθ2 + sin2θdϕ2), (2.1)
with the electromagnetic potential
Aµ =
(
−Q
r
, 0, 0, 0
)
, (2.2)
where f = f(M,Q, r) = 1 − 2M
r
+ Q
2
r2
+ r
2
l2
, M and Q are the physical mass and charge,
respectively. l2 is a constant related to the cosmological constant as Λ = −3l−2. In general
case, f has two positive real roots, which corresponds to the Cauchy horizon r− and the
event horizon r+, respectively. When these two horizons coincide with each other, the black
hole is extremal and its Hawking temperature is zero. The mass relates to its horizon radius
r+ as 2M = r+ +
Q2
r+
+
r3+
l2
. The black hole entropy is S = πr2+. The Hawking temperature is
T =
1
4π
∂f(M,Q, r)
∂r
∣∣∣∣
r=r+
=
1
2π
(
M
r2+
− Q
2
r3+
+
r+
l2
)
. (2.3)
The action of the complex scalar field in the fixed RN-AdS gravitational and electromag-
netic fields is
S =
∫ √−gLd4x
= −1
2
∫ √−g[(∂µ − ieAµ)Ψ∗(∂µ + ieAµ)Ψ +m2Ψ∗Ψ]d4x, (2.4)
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where L is the Lagrangian density, Aµ is the electromagnetic potential given by Eq.(2.2), m
is the mass, Ψ denotes the wave function and its conjugate is Ψ∗. The field equation gotten
from the action satisfies
(∇µ − ieAµ) (∇µ − ieAµ)Ψ−m2Ψ = 0. (2.5)
The wave function Ψ in the RN-AdS spacetime is solved from the field equation. To solve
this wave function, we carry out a separation of variables
Ψ = e−iωtR(r)Θ(θ, ϕ). (2.6)
In the above equation, ω is the energy of the particle, Θ(θ, ϕ) are the scalar spherical harmon-
ics. We insert the contravariant components of the RN-AdS metric and the wave function
into the field equation. Introducing a separation variable constant λ yields two equations
d
dr
(
r2f
d
dr
R(r)
)
−
[
λ+m2r2 − 1
r2f
(ωr2 − eQr)2
]
R(r) = 0, (2.7)
1
sin2θ
∂2Θ(θ, ϕ)
∂ϕ2
+
1
sinθ
∂
∂θ
(
sinθ
∂Θ(θ, ϕ)
∂θ
)
+ λΘ(θ, ϕ) = 0. (2.8)
The separation constant takes on the form λ = l(l + 1) in which l denotes an angular
momentum number. The angular function Θ(θ, ϕ) is solved by Eq.(2.8). It can be reduced
to unity by the normalization condition in the calculation of the energy and charge fluxes in
the next section. Thus we don’t need to know the exact expression of Θ(θ, ϕ). We focus our
attention on the radial equation. For the massless field, the radial equation was discussed in
the derivation of the quasinormal modes [49, 50, 51]. To solve R(r), we perform the tortoise
coordinate transformation
dr∗ =
1
f
dr (2.9)
on Eq.(2.7) and get
r4
d2R
dr2
∗
+ 2r3f
dR
dr∗
− [(m2r2 + λ)r2f − (ωr2 − eQr)2]R = 0. (2.10)
Near the event horizon, f → 0 and the above equation is reduced to
d2R
dr2
∗
+
(
ω − eQ
r+
)2
R = 0. (2.11)
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At the event horizon, the electromagnetic potential is φ = Q
r+
. The radial wave function is
gotten as
R = e±i(ω−eφ)r∗ , (2.12)
where r∗ is a function of r and +/− correspond to the solutions of the outgoing/ingoing
radial waves. Thus the wave function is
Ψ = e−iωte±i(ω−eφ)r∗Θ(θ, ϕ). (2.13)
Although the expression of Θ(θ, ϕ) is not given in the above function, it does not affect our
result. The thermodynamics and the validity of the WCCC in the RN-AdS black holes are
discussed by the scattering of the ingoing wave at the event horizon in this paper. So we
focus our attention on the ingoing wave function.
3 Thermodynamics of the non-extremal RN-AdS black
hole
The thermodynamics of the non-extremal RN-AdS black hole have been studied [52, 53, 54,
55, 56]. In this section, we discuss its thermodynamics by the scattering of the ingoing wave
at the event horizon. The first law of thermodynamics is presumed to be non-existent and
recovered by the scattering. The self-force effect and other interactions are neglected in this
paper, therefore, the transferred energy and charge must be very small.
The transfer of the energy in a certain time interval is related to the energy flux deter-
mined by the energy-momentum tensor. From the action, the energy-momentum tensor is
gotten as follows
T µν =
1
2
[(∂µ − ieAµ)Ψ∗∂νΨ + (∂µ + ieAµ)Ψ∂νΨ∗] + δµνL. (3.14)
Combining the ingoing wave function and its conjugate with the energy-momentum tensor
yields the energy flux
dM
dt
=
∫
T rt
√−gdθdϕ = ω(ω − eφ)r2+
∫
Θ2(θ, ϕ) sin θdθdϕ = ω(ω − eφ)r2+. (3.15)
The derivation of the last equal sign in the above equation depends on the normalization
condition,
∫
Θ2(θ, ϕ) sin θdθdϕ = 1. The transfer of the charge in a certain time interval is
related to the electric current of the scalar field. The electric current is obtained from the
action and it is
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jµ =
∂L
∂Aµ
= −1
2
ie[Ψ∗(∂µ + ieAµ)Ψ−Ψ(∂µ − ieAµ)Ψ∗]. (3.16)
Introducing the ingoing wave function and its conjugate yields the charge flux
dQ
dt
= −
∫
jr
√−gdθdϕ = e(ω − eφ)r2+
∫
Θ2(θ, ϕ) sin θdθdϕ = e(ω − eφ)r2+. (3.17)
Here, the normalization condition was used. Therefore, the transferred energy and charge
within the certain time interval are
dM = ω(ω − eφ)r2+dt, dQ = e(ω − eφ)r2+dt, (3.18)
respectively. Due to the transferred energy and charge are very small, the time dt must
be also very small. The decreases of the energy and charge of the scalar field are equal
to the increases of these of the black hole. The positive and negative values of dM and
dQ lie on the relation between ω and eφ. When ω > eφ, the values of dM and dQ are
positive, which implies the increases of the energy and charge of the black hole during the
scattering process. When ω = eφ, the black hole’s energy and charge remain unchanged.
When ω < eφ, the energy and charge flow out of the event horizon. This shows that the
scattering extracts the energy and charge of the black hole and the superradiation occurs.
In fact, the appearance of superradiation should satisfy that the boundary condition of the
scalar field is in the asymptotic region. Here we follow the work of Gwak and focus on the
infinitesimal change in the RN-AdS spacetime [23]. Therefore, our discussion does not rely
on the asymptotic boundary conditions. The discussion of the superradiation in the RN-AdS
spacetime is referred to [57].
We assume that the final state of the non-extremal RN-AdS black hole is still a black
hole. The initial state of the black hole is represented by (M,Q, r+), and the final state is
represented by (M + dM,Q+ dQ, r++ dr+), where dM , dQ and dr+ denote the increases of
the black hole’s energy, charge and radius, respectively. The variation of the radius can be
obtained from the metric component f . The functions f(M + dM,Q + dQ, r+ + dr+) and
f(M,Q, r+) satisfy the following relation
f(M + dM,Q+ dQ, r+ + dr+) = f(M,Q, r+) +
∂f
∂M
∣∣∣∣
r=r+
dM +
∂f
∂Q
∣∣∣∣
r=r+
dQ
+
∂f
∂r
∣∣∣∣
r=r+
dr+, (3.19)
where
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∂f
∂M
∣∣∣∣
r=r+
= − 2
r+
,
∂f
∂Q
∣∣∣∣
r=r+
=
2Q
r2+
,
∂f
∂r
∣∣∣∣
r=r+
=
2M
r2+
− 2Q
2
r3+
+
2r+
l2
= 4πT. (3.20)
Because both of the initial and final states are black holes, we get f(M + dM,Q+ dQ, r+ +
dr+) = f(M,Q, r+) = 0. Thus, the variation of the radius is
dr+ =
(ω − eφ)2r+
2πT
dt. (3.21)
Obviously, the black hole radius increases during the scattering process when ω 6= eφ, while
it remains unchanged when ω = eφ. Therefore, the singularity is hidden behind the event
horizon. The scattering can not destroy the event horizon and the WCCC is valid in the
non-extremal RN-AdS black hole.
We further discuss its thermodynamics. From the relation between the entropy and
radius, the variation of the entropy takes on the form
dS = 2πr+dr+ =
(ω − eφ)2r2+
T
dt ≥ 0. (3.22)
It shows that the entropy never decreases in the chronological direction. This result supports
the second law of thermodynamics. Using Eq.(3.18) and Eq.(3.22), we get
dM = TdS + φdQ, (3.23)
which is the first law of thermodynamics of the RN-AdS black hole recovered by the scattering
of the scalar field. As discussed above, the final state is assumed to be a black hole, therefore,
the establishment of the first law is inevitable. For the near-extremal and extremal RN-AdS
black holes, when they absorb energy and large enough charge, their final states may not
be black holes, thus the laws of thermodynamics do not necessarily hold. When T → 0,
Eq.(3.21) diverges. The above method can not be applied to the tests of the WCCC in the
near-extremal and extremal RN-AdS black holes. We must resort to other methods.
4 The WCCC in the near-extremal and extremal RN-
AdS black holes
We begin this section by testing the validity of the WCCC in the near-extremal RN-AdS
black hole. When the charge absorbed by the black hole is large enough than the absorbed
energy, the event horizon disappears. The black hole is overcharged and the WCCC is
violated. Therefore, we check the existence of the event horizon after the scattering. A
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simply method to check this existence is to evaluate the solution of the metric component
f . If the solution exists, the function f must intersect with the r−axis in the graph f − r.
In other words, the function f with a minimum negative value guarantees the existence of
the event horizon.
Near the extremal RN-AdS black hole, the minimum value is
f(M,Q, r0) = 1− 2M
r0
+
Q2
r20
+
r20
l2
< 0, (4.24)
where r0 is the location corresponding to the minimum value. Let |f(M,Q, r0)| ≪ 1 to ensure
the near-extremity. We use (M,Q, r0) to represent the initial state and (M+dM,Q+dQ, r0+
dr0) to represent the finial state. The initial state is a RN-AdS black hole, but the final state
is not necessarily a black hole. The function f(M + dM,Q+ dQ, r0 + dr0) corresponding to
the final state is expressed in term of the function f(M,Q, r0) corresponding to the initial
state, which is
f(M + dM,Q+ dQ, r0 + dr0) = f(M,Q, r0) +
∂f
∂M
∣∣∣∣
r=r0
dM +
∂f
∂Q
∣∣∣∣
r=r0
dQ
+
∂f
∂r
∣∣∣∣
r=r0
dr0, (4.25)
where
∂f
∂M
∣∣∣∣
r=r0
= − 2
r0
,
∂f
∂Q
∣∣∣∣
r=r0
=
2Q
r20
,
∂f
∂r
∣∣∣∣
r=r0
= 0. (4.26)
Inserting Eq.(3.18) and Eq.(4.26) into Eq.(4.25) yields
f(M + dM,Q+ dQ, r0 + dr0) = −
( q
ω
)2 2ω2Q2r+dt
r20
+ 2
q
ω
r2+ + r0r+
r20
Qω2dt
−2r
2
+ω
2dt
r0
+ f(M,Q, r0). (4.27)
The above equation can be regarded as a quadratic function of q
ω
. If we can adjust the
parameters ω and q to make sure that the maximum value of the above function near r0 is
less than 0, then the corresponding values of other ω and q near r0 are also less than 0. This
implies that this function has a minimum negative value. When q
ω
= r++r0
2Q
, the maximum
value is
f(M + dM,Q+ dQ, r0 + dr0)max =
1
2r20
[
2∆0 + ω
2r+(r+ − r0)2dt
]
, (4.28)
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where ∆0 = (r
2
0 − r2+) − 2M(r0 − r+) + r
4
0−r
4
+
l2
< 0, and the relation Q2 = 2Mr+ − r2+ − r
4
+
l2
was used. To evaluate the value of the above equation, we let r+ = r0 + ǫ, where 0 < ǫ≪ 1.
The near-extremal condition is satisfied. We express ∆0 in terms of ǫ and r+ as the following
relation
∆0 = −2r+ǫ+ 2Mǫ−
4r3+
l2
ǫ+ ǫ2 +
6r2+ǫ
2 − 4r+ǫ3 + ǫ4
l2
,
= −2r+ǫ+ 2Mǫ− 4r
3
+
l2
ǫ < 0. (4.29)
The second equal sign in the above equation was gotten by omitting the higher order terms
of ǫ. dt is an infinitesimal scale and is set dt ∼ ǫ. This was discussed in [23]. Thus, the
maximum value is reduced to
f(M + dM,Q+ dQ, r0 + dr0)max =
1
r20
(
−2r+ǫ+ 2Mǫ−
4r3+
l2
ǫ
)
. (4.30)
Similarly, the higher-order term of ǫ was omitted in the above equation. Due to −2r+ǫ +
2Mǫ− 4r3+
l2
ǫ < 0, the maximum value near r0 is less than zero. This indicates that the event
horizon exists in the finial state. The black hole can not be overcharged by the scattering
of the scalar filed. Therefore, the WCCC is valid in the near-extremal RN-AdS black hole.
Since the final state of the near-extremal black hole is still a black hole after the scattering,
the first law of thermodynamics holds.
For the extremal RN-AdS black hole, we still use the above method to test the WCCC.
Now the function f has a minimum value equal to zero. r+ is the location corresponding to
this value. After the test field is scattered by the black hole, the function corresponding to
the final state is also expressed as Eq.(4.27). Using r0 = r+ and f(M,Q, r+) = 0 yields
f(M + dM,Q+ dQ, r+ + dr+) = −2r+(ω − qφ)2dt. (4.31)
When ω = qφ, we get f(M + dM,Q + dQ, r+ + dr+) = 0, which shows that the scattering
does not change the minimum value. This implies that the final state of the extremal RN-
AdS black hole is still an extremal black hole. When ω 6= qφ, we derive f(M + dM,Q +
dQ, r+ + dr+) < 0 where two positive real roots exist. Because dt is infinitesimal, |f(M +
dM,Q + dQ, r+ + dr+)| ≪ 1. This is similar to the initial state of the near-extremal black
hole. It means that when ω 6= qφ, the final state of the extremal black hole becomes a new
near-extremal black hole after the scattering. Therefore, the extremal black hole can not be
overcharged. The WCCC is valid in the extremal RN-AdS black hole.
5 Discussion and Conclusion
In this paper, we investigated the thermodynamics and WCCC in the RN-AdS black holes
by the scattering of the scalar field. The energy and charge in a infinitesimal time interval
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were calculated by the energy and charge fluxes, respectively. For the non-extremal RN-AdS
black hole, the first law of thermodynamics was recovered by the scattering. The increase
of the horizon radius confirms the validity of the WCCC in this black hole. The entropy
does not decrease, which supports the second law of thermodynamics. For the near-extremal
and extremal RN-AdS black holes, due to the divergence of Eq.(3.21), we tested the WCCC
by evaluating the minimum values of the function f at the final states. These values were
obtained by adjusting the values of ω and q. It was found that both of the near-extremal and
extremal RN-AdS black holes can not be overcharged during the scattering process. When
ω = qφ, the final state of the extremal RN-AdS black hole is still an extremal black hole.
When ω 6= qφ, its final state becomes a near-extremal black hole with new mass and charge.
Therefore, the WCCC is valid in both of the near-extremal and extremal RN-AdS black
holes. This result is in consistence with that gotten by Wald and Sorce [24, 25]. In [47],
Du¨ztas found that the perturbation of Kerr-Newman black holes by neutrino fields leads to a
generic overspinning of the black hole. In this work, the second order terms (δJ)2 and (δM)2
were retained. In [24, 31], the first order terms were retained in the analyses. Therefore, his
result is different from these in this paper and in [24, 31].
Previous researches have shown that the self-force effect and other interactions would
prevent the black holes from being overcharged and overspun [11, 12, 13, 14, 15, 16, 17].
In our investigation, due to the infinitesimal time interval, the self-force effect and other
interactions were neglected, and the black hole can still not be overcharged.
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